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Abstract
Thomassen showed in 1994 that all planar graphs are 5-choosable; Škrekovski showed in 1998 that all K5-minor-free graphs also
are 5-choosable. In this short paper we prove this result using another method.
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1. Introduction
All graphs considered in this paper are simple, ﬁnite and undirected. The concepts of list coloring and choosability
were introduced by Vizing [5] and independently by Erdös et al. [2]. A list assignment of G is a function L that assigns
to each vertex v ∈ V (G) a list L(v) of colors; and a k-list-assignment is a list-assignment such that |L(v)|k for every
vertex v. An L-coloring is a function :V (G) →⋃vL(v) such that (v) ∈ L(v) for every v ∈ V (G) and (u) = (v)
whenever u, v are adjacent vertices of G.
In what follows, we will use the following deﬁnitions. Cycles of length k are called k-cycles. A cycle C in a plane
graph G is called separating if both the interior and exterior of C contain vertices of G. A 2-connected plane graph
is a near-triangulation if the boundary of every face, except possibly the outer face, is a 3-cycle. A near-triangulation
is called a triangulation if the boundary of the outer face is a 3-cycle. A graph H is a minor of a graph G if one can
form an isomorphic copy of H from G by contracting edges and (or) deleting edges and vertices. A graph G is called
H-minor-free if it does not have H as a minor. Let x and y be two different vertices of G. Since we consider only simple
graphs, we denote by G∪ xy the graph obtained from G by connecting x and y if they are not adjacent in G, and G− v
is obtained from G by deleting the vertex v and all its incident edges. Thomassen [4] showed in 1994 that all planar
graphs are 5-choosable. Škrekovski [3] showed in 1998 that all K5-minor-free graphs also are 5-choosable. In this
paper, we prove this result using another method, and the proof is based on the following lemmas and theorems.
Theorem 1.1 (Thomassen [4]). Let G be a near-triangulation with outer face C = v1v2 . . . vpv1. Let L be a list
assignment of G such that |L(v)|3 for every v ∈ V (C) and |L(v)|5 for every v ∈ V (G)\V (C). Suppose that  is
an L-coloring of {v1, v2}; then  can be extended to an L-coloring of G.
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Using Theorem 1.1, we can prove the following lemma.
Lemma 1.1. Let G be a near-triangulation and L be a list assignment of G such that |L(v)|5 for every v ∈ V (G).
Suppose that H is a subgraph of G isomorphic to K3 and  is an L-coloring of H. Then  can be extended to an
L-coloring of G.
Proof. Suppose the lemma is false, and let G be a counterexample with |V (G)| as small as possible. We assume that
HK3 and let V (H) = {u, v,w}.
Case 1: H is not a separating 3-cycle of G. As G is a near-triangulation, we may assume that H is the outer face of G
and G is a triangulation by adding some edges if necessary. Let G′ = G − w and L′ be the list assignment of G′, such
that L′(x) = L(x)\{(w)} if x and w are adjacent and L′(x) = L(x) otherwise. Now, by Theorem 1.1, extend  from
{u, v} to G′ and we are ﬁnished.
Case 2: H is a separating 3-cycle of G. Let G1 be the graph of all vertices and edges inside or on H, and let G2 be
deﬁned similarly with ‘inside’ replaced by ‘outside’. By the same reasoning as above, we can extend  from H to G1
and also to G2, and thus obtain an L-coloring of G.
This proves the lemma. 
2. 5-Choosability of K5-minor-free graphs
In order to obtain a proof by induction, we will prove a more general result. We will use Wagner’s theorem ([6], see
also [1]), which describes the structure of edge-maximal K5-minor-free graphs.
Lemma 2.1. Let G be an edge-maximal K5-minor-free graph and let L be a list assignment of G such that |L(v)|5
for every vertex v ∈ V (G). Suppose that H is a subgraph of G isomorphic to K2 or K3, and  is an L-coloring of H.
Then  can be extended to an L-coloring of G.
Proof. We prove the result by induction on |V (G)|. If G is a plane triangulation then the result follows immediately
from Lemma 1.1, since it is clear that if |V (H)|< 3 then  can be extended to an L-coloring of a triangle in G that
contains H.
If G is the Wagner graph W (see Fig. 1) then the result is obvious: since every vertex of W has degree 3, the vertices
of V (W)\V (H) can be colored from their lists in an arbitrary order. (This requires only that |L(v)|4 for every vertex
v ∈ V (W).)
So we may suppose that G is neither a plane triangulation nor the graph W. In this case it follows from Wagner’s
theorem [6] that G=G1 ∪G2 where G1, G2 are proper subgraphs of G such that G1 ∩G2K2 or K3. Clearly H ⊆ G1
or G2, w.l.o.g. H ⊆ G1. By the induction hypothesis applied to G1,  can be extended to an L-coloring of G1. This
induces an L-coloring of G1 ∩G2, and by the induction hypothesis applied to G2, this can be extended to an L-coloring
of G2. The union of these L-colorings of G1 and G2 is an L-coloring of G1 ∪ G2 = G. This completes the proof of
Lemma 2.1. 
Since every K5-minor-free graph is a subgraph of an edge-maximal K5-minor-free graph, Lemma 2.1 immediately
implies our main result:
Theorem 2.1. Every K5-minor-free graph is 5-choosable.
Fig. 1. Three isomorphic representations of the Wagner graph W.
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